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ABSTRACT : In this paper, we study the existence of solutions for non-linear fractional q-dijference 
equations of order 2 < CC < 3 involving the p-Laplacian operator with various boundary value conditions. By 
using the Banach contraction mapping principle, we prove that, under certain conditions, the suggested 
non-linear fractional boundary value problem involving the p-Laplacian operator has a unique solution. Finally, 
we illustrate our results with some examples. 
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I. INTRODUCTION 

In recent years, the topic of ^-calculus has attracted the attention of several researchers and a variety of new 
results can be found in the papers [2-10] and the references cited therein. In 2010, Ferreira [1] considered the 
existence of nontrivial solutions to the fractional ^-difference equation 

D a qQ+ x(t) = f(t,x(t)), 0 < f < 1, 

jc( 6) = jt(i) = o. 

In [15], Aktuglu and Ozarslan dealt with the following Caputo ^-fractional boundary value problem involving 
the p-Laplacian operator: 

D q 0 Pp CD«x(t))) = f{t , x(t)), 0 < t < 1, 

D q x( 0) = 0, k = 2,3,...,«-l, x(0) = a 0 x(l), D q x(0) = a l D q xi\), 

where a Q , a 1 tfc 0 , OC > 1 , and f e C([0,1] x R, R) . Under some conditions, the authors obtained the 

existence and uniqueness of the solution for the above boundary value problem by using the Banach contraction 
mapping principle. 

In this paper, we focus on the solvability of the following non-linear fractional differential equations of 
order or e (2,3] involving the p-Laplacian operator with boundary conditions: 

' D q icp p i c D a q xm = f(t,x(t)), 
c D a q x( 0)=0, 

] x(0) = a 0 x( 1), 

D q x( 0) = a x D q x( 1), 

Djx(O) = a 2 D 2 q x(\), 
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where / e C([0,1] x R,R) and x{t ) e C 2 ([0,1] x R,R), f As) = s, p > 1, (p 1 = (p v , — + — = 1, 

p V 

1 D“ is the fractional ^-derivative of the Caputo type, D , D~ is the fractional ^-derivative 

and a Q F 1, a x ^ 1, a 2 F —-— , t e [0,1], D 01 , D ^ is the conformable fractional derivative. 

2 Preliminaries on fractional ^-calculus 

In this section, we present basic definitions and results that will be needed in the rest of the paper. More 
detailed information about the theory of fractional ^-calculus can be found in [6,7,8], 

Let q e (0,1) and define 


1 -q 


The ^-analogue of the power function (a — /t) 1 " 1 with n e N 0 : = [0,1,2, • • •] i 


• • • is 


(a-b)^: = 1 , (a-b)^ : = Y\{a~bq k \ a,b^R- 


k= 0 


More generally, if CC £ R , then 

In particular, if b = 0 then f a) = a a . We also use the notation 0 1 "' = 0" for (X > 0. The g-gamma function 
is defined by 

n _ a \ (*-t) 

L (*): = (i -)y > • *' e R 'f 0 ' -1 ' -2 ’ ■}' 

and satisfies F (x + 1) = \x\ q T q (x) . 

Remark 2 ([14]) If a > 0 and a < b < t, then (t - fl) (a) > (t - b) [a] . 

It is well known that the beta function B (t, s) has the following integral representation:for any t, S > 0 , 


B 


,{t,s) = jV' l) {\-qrY sl) d q T 

CO 

= (l-q)Y j q"(l-q" +1 r~ 1) (q"r- 1) . 


n =0 


Moreover, B q (t, s) can be expressed in terms of r(?), the gamma function, as follows: 
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B q (t,s) = 


r g (Qi» 

r q (t + s) ‘ 


Definition 2.1 Let Gt > 0 and / be a function defined on [(), T ]. The fractional (/-integral of the 


Remann-Liouville type is given by (I^ f )(t) = f (t) and 


(/“/>)=^ J'«- qsr-"md„s 






(2.1) 


r,(a) n= 0 

Definition 2.2 The fractional (/-derivative of Riemann-Liouville type of order Gt > 0 is defined by 
{D° q f\t) = f(t) and 


{D a q f\t) = D l q lff{t\a>0. 


( 2 . 2 ) 


where l is the smallest integer greater than or equal to v. 

Definition 2.3 ([6]) The fractional (/-derivative of the Caputo type of ordered > Ois defined by 

( c D‘,f\t) = /M-“Z>M/(<) = *_ >0, (2.3) 

1 q\ n a ) 

where ["or ”|is the smallest integer greater than or equal to (X . 


Recall that C" R) is the space of all real-valued function x(t) which have continuous derivatives up 


to order n — 1 on \a, b\ . In the following lemmas, we give some auxiliary results which will be used in the 
sequel. 

Lemma 2.1 ([6]) Let Gt > 0, then the following equality holds: 

(k‘D° f\ o= m -x _ J p.’/K (2.4) 

k=0 1 q {S + f) 

On the other hand, the operator (j) ( 5 ) = |.sj ' S , where p > 1, is called the p-Laplacian operator. It is easy to 

_! (In 

see that tp = (p v , where-1— = 1. The following properties of the p-Laplacian operator will play an 

p V 

important role in the rest of the paper. 

Lemma 2.2 ([ 19])Let tp p be ap-Lplacian operator. 
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(i) If 1 < p < 2, xy > 0, and |x|, | y| >m> 0, then 

\<p p (*) - <p p (v)| ^(p- O m p ~ 2 \ x - y\■ 

(ii) If p>2. and |x|, |y| < M , then 

I (P p (x) - (Pp(y )| <(p- 1)M p ~ 2 |x - y|. 

Lemma 2.3 Assume that O' £ (2,3], a 0 ^ 1 , ^ -A— , t £ [0,1] and h e C([0,l]) . Then the 

solution x(f) of the boundary value problem 


D q (<P p ( c D“x(t))) = hit), 
c D“x(0) = 0, 

< x(0) = a Q x( 1), 

D q x(Q) = a l D q x(X), 

DgX( 0) = a 2 D q x( 1), 


can be represented by the following integral equation: 

x(t) = — -J— f (t-q r) ( °~' ’ tp v (f h{s)ds)d r 
Y q (a) J0 J0 

+ ~7~T (' (X-qr) (a "'V v (f h(s)ds)d r 
r 9 (a) Jo Jo 

h{s)ds)clv 

+ y/(t)^ (1 -q r) (a ~ 3) cp v (J h{s)ds)d r, 


where A 0 




1 — <3, 


-A = 


l-a, 


-A = 


a 2 (l + q) 
1 + q — 2a 2 


,and <!>(/) = 


AqA + Af 

r,(a-l) ’ 


^(0 = 


A A (A +i)+A[A( i+^) + r ] 

(l + 9)r,(a-2) 


( 2 . 6 ) 


(2.7) 


Proof Using (2.4) and the fact that tp p ( c D“x( 0)) = 0 , we have 

<p p ( c D°x(t)) = \' o h(s)d q s, 

or equivalently, 

c D“x(t) = <p v (\' o h(s)d q s), (2.8) 

where-1— = 1. Applying the fractional integral operator I q to both sides of (2.8), we get 

p V 
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40 - 40) - D q x(Q)t - r = £(f -qTy a - u <p v ([h(s)d q s)d q T , 

or equivalently, 

40 = - Ir-qrf" 'tp ,(£ h(s)d f \)dj + x(0) + D,»(0)/ + ’ r, (2.9) 
0,40 = r ( ^_ t) £ (< - q r y- 21 p, (£ h(s)d q s)d q T + D,40) + 2^ 2/, (2.10) 

^^(0 = r (a _2) J 0 ( r ~^ r ) ^(£44^4^ + 1 + g • (2.11) 

Takingf = Ion both sides of (2.9), (2.10) and (2.11), we have 

41) = -f- f 1 (1-9rf -0 ([ Hs)d q s)d q t + 40) + D q x( 0) + , (2.12) 

r ? (a) J0 J0 l + g 

1 f 1 / \(a-9) c T 2Z)~40) 

0,4 1) = F ^ 7 ^£( 1 -9r) w 2 V,(£a(s)</,s¥,i- + O,40) + -^-. (2.13) 

9 If 1 / \(« 3) f r 2D; 40) 

D > (1) = T r^J 0 (l -?0'“ 3 V,(J/Wd,0d,i- + ^-. (2.14) 

(2.12), (2.13), (2.14) and the boundary value conditions in (2.6) we can get that 

» 2 4°) - r ( ^_ 2) £(! - <?r) (a ~ 3) <g v ( £ Ks)d q s)d q r, (2.15) 

^4°) = r ( ^ _ 1} £ (* ~ g t T~ 2) <P* (Jo h(s)d q s)d q T 

+ 1 + q V r/ (a- 2) J' ~ qT)Uy ( £ h( ^ d d S)d dF (2-16) 

and 

4°) = J |) ( 1 -^r) (g ~ 1 V„(J o h{s)d q s)d q r 

+ i) £ (1 “ ^ r)( “' 2> ^ (£ h{s)d q s)d q r 

+ °(0 J Q (1 - q 4 ( “' 3) (p v ( £ h(s)d q s)d q T 

+ i//(f)£ (1-9 4 ( “ _3) (£ h{s)d q s)d q T. (2.17) 

Substituting (2.15), (2.16) and (2.17) into (2.9) gives (2.7) and this completes the proof. □ 


Using 
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II. SOLVABILITY OF THE FRACTIONAL BOUNDARY VALUE PROBLEM 

This section is devoted to the solvability of the fractional boundary value problem given in (2.5). First, we 

obtain conditions for existence and uniqueness of the solution x(t) of the fractional boundary value problem 


given in (2.5). Then, each result obtained here is illustrated by examples. Recall that C[0,1], the space of 
continuous functions on [0,l] is a Banach space with the norm ||.y|| = max (e[0 ^ |x(f)| . Now 
consider?) : C[0,1] —> C[0,1], i = 0,1, with 
T 0 x(t):= 

and 

T,x(t) = —-—f (t-qT) (a ~ l) x(r)d r H-- —f (1 - qT) (a ~ l) x(z)d t 

r 9 («) J o q r 9 («) Jo q 

+ 0(f)£ (1 - q r) ( “~ 2 ' x(r)d q t + y/ft )J (1 -qT) (a ^ 2) x(r)d q r 
Then the operator T : C[0,1] —> C[0,1], defined by T = 7) ° T () , is continuous and compact. 

V +1 

Theorem 3.1 Suppose 1 < v < 2 , a Q ^ 1 , a l ^ 1 , a-, F —-—, q e (0,1) and the following conditions 
„ 2 

hold: BA, >0,0 <8 < - and d with 

2 -v 

d < (a 2 ~ v T q (S(v - 2) + 2 + «)(1 + q)) 

/ [(v - l)r (S(y - 2) + 2)((1 + |A 0 1)(1 +Ja, II • [S(y - 2) +1 + a\ ) 

+ 2| A 2 1(| A, |(| A 0 1 +1) + |A 0 1(1 + q) + 2)[S(v - 2) +1 + a\ [A(v -2) + a] q )], (3.1) 

such that 

[s\ At 6 -' < fit, X) for any (t, x) e (0,l] X R, (3.2) 

and 

\f(t,x)-f(t,y)\<d\x-y\ fort e [0,l]andx, y e R. (3.3) 

Then boundary value problem (2.5) has a unique solution. 

Proof Using inequality (3.3), we get 

At 6 < [ f(s,x)ds for any (t, x) e (0,l]x R. 

JO 

By Lemma 2.2 (i) and (3.3), we have 
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\T Q x(t) -T 0 y(t)\ 

< (v-l)(At s y~ 2 ^f{s,x(s))d q s-^f{s,y(s))d q s 
(v -1 )A v ~ 2 t S(v ~ 2) £ | f(s, x(s))- f(s, y(s))| d q s 




v— 2,<S(v-2) 


< d(y-l)A v ~ 2 t 

< d{v - V>A v - 2 t S(v - 2)+i \\x 


£|jf(s)-y(s)|d,s 

A- 


Moreover, 


\Tx(t)-Ty(t)\ 

= \TfT 0 x(t))-TfT 0 y(t))\ 


FTT (al> (( r « “ ( r o j)(^) V, 


+ r A " (1 - q^Y a ~ U ((T 0 x\t) - (T 0 y)(r))d 

+ O(0£' (1 - q r) (a ~ 2) ((T 0 xXr) - (T 0 y)(r))d q r 
+ i//(t )£ (1 -q r) (a ~ 2) ((T 0 x)(t) - (T 0 y)(tr))d q z- 

Finally, substituting (3.4) in (3.5), we get 
\Tx(t)-Ty{t)\ 


< d{v — i)A" 2 \\x - y|| 
A " 




r,(a> 

|o(o|£a-9T> 


r,(«) 


< a -»T S(v ~ 2)+1 d q T 


(a-2) <S(v-2)+lj 


ta-» T S<y-l»l dqT 


Using the equality 

^{t-qrf- l) T Siv - Z)+l 


d q r 


= t a+S(v ~ 2)+i 5 (S(v - 2) + 2, a) = t a+S(v - 2)+l Fg( ^ (V 2) + 2)F ? (Qr) 


T q {S{v-2) + 2 + a) 


in (3.6) one can write that 
\Tx(t)-Ty(t)\ 

< d(v-l)A"- 2 \x- 


f a+S(v- 2)+l 


r» 


-B(S(y — 2) + 2, a) 


r» 


B(8{y - 2) 4- 2, a) 


0(t)\B(S(v -2) + 2,a-l) + \y/(t)\ B(S(v -2)+ 2,a- 2)] 


(3.4) 


(3.5) 


(3.6) 
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= d(v - \)f’~ 2 \\x - y\\B(S(v -2)+ 2, a) 

t a+S(v - 2)+1 |A) | |A(A+0| [S(v-2) + a + l] q 

T q {a) + Tja) + T q {a-l) [a-\\ 


| 2 AA(A +t) + A 2 (Aq( 1 +q) + 2t )| \8(y-2) + a\ q \8(y-2) + a + \\ q 


(l + q)T q (a-2) 

using (1), we get that 

\Tx{t)-Ty{t)\ 

^(v-ir 2 ik-vii rq(<y(v - 2)+2)r,(g) 

11 ^ T q (S(v-2) + 2 + a) 


[a-2] [a-l] 


1 


r ',(«) r,(a) 


+ |A(A, + 1) | [ g ( i , _ 2) + g + i ] 

r ,(«) 


^AjA^Ao +l)+A 2 (A q (1 + ^) + 2)| 


<d(v- l)/l 


(l + 9)r,(a) 

v - 2 r,(*(v-2) + 2) 


■[S(v-2) + a + ll[S(v-2) + a\ q 


T q (8(v-2) + 2 + a) 

2 IA |(j-A id A) I +i) + 1A |(i+<?) + 2 ) 


= AU- 


where 


£ = d(v-\)x 


v-2 


(1 + q) 


T(S(v- 2)+ 2) 


x [d 1 + 1A |)(l +| A ||' |A V - 2) +1 + a ] q ) 

[S(v -2 ) + a + \\ q [S(v - 2) + a], ]| 


r q (8(v-2) + 2 + a) 

2 | A id A id A | +1) +1A |(i + <?) + 2 ) 

(i + ?) 


[(i + |A|)(i +| A || ■ [A v - 2) + « +1] 9 ) 


[<5(v - 2) + a +1] [<7(v - 2) + a] ], (3.7) 


Combining (3.7) with (3.1) implies thatO < K < 1. therefore 7 is a contraction. As a consequence of the 

Banach contraction mapping theorem [22] the boundary value problem given in (2.5) has a unique solution. 

□ 

V + 1 

Theorem 3.2 Suppose l<v<2 , a 0 , a 1 ^ 1 , a 7 ^—-—, ^ e (0,1) and the following conditions 
„ 2 

hold: 3/1 > 0,0 < 5 <-, and d satisfies (3.1). 

2 -v 

such that 

f(t,x) < -[d\ q At S 1 , for any (t,x) e (0.1] x*. 

and 

<d\x-y\,fort e [0,l] and x, y e R . 
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Then boundary value problem (2.5) has a unique solution. 

Proof The inequality f (/, X) < —A5t S 1 implies that ASt 5 1 < —f (t, X ) . Therefore replace 


fit, x) by — fit, X) in the proof of Theorem 1, we can get the proof of this theorem. 


V + 1 

Theorem 3.3 Suppose v > 2 ,a 0 , a x A \ ,a 2 A —-— . There exists a non-negative function 


g (x) € L[0,l], with M : = [ giv)dz >0 such that 

JO 

| f(t, JC)| < g{t) for any (t, x) e (0,1]* 


(3.8) 


and there exists a constant d with 


d < M 2_ T {2 + a){\ + q) 


/(v- iH(i+ 
+ 2 A, {A 


A 0 )( 1+ 
(A) +i)+ 


Aq 1(1 + q) + 2) [l + ck 


lS 


( 3 . 9 ) 


\f(t,x) — f(t,y)\ < d\x — _y| forf e [0,l]andx, y e R. 

Then boundary value problem (2.5) has a unique solution. 

Proof Using (3.8), we get that 

£|/(r,*(r))|d 9 r < £g(r)dr =M. (3.10) 

For all t G [04] . By the definition of the operator T a , one can write that 


\T 0 x(t) -T 0 y(t)\ 

= <Pv (£ fi s . *(.s)>v) - <p v (£ fis, yis))d q s^. 
As a consequence of (2.4), (3.10) and (3.11), we have 
\T 0 x(t)-T 0 y(t)\ 

< (v -1 )M r ~ 2 1 £ f{s, xis))d q s - £ fis, yis))d q s 

< (v -1 )M "” 2 £ | fis, xis))- fis, y(s))|d ? j 

< <i(v-l)M v_2 | |x(s)- yis)\d q s 

< (v-l)Af v ~ 2 t\\x - y||. 

Moreover, 


(3.11) 
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\Tx(t)-Ty{t)\ 

= TfT 0 x(t))-TfT 0 y(t))\ 

= ~~"C( r - ?r) (o_1) ((r 0 *Xr) - (T 0 y)(r))d t 

r q (a) Jo 

+ fK£ (1 ~^ aX) (( r o4r) - {T 0 y\r))d q T 

r 9 («) Jo 

+ r°f + A \! I/ 1 A (a 4(vXA 

T q (a-l) Jo 

+ 2A 1 A 2 (A 0 + f) + A 2 [A q (1 + q) + 2f~] 

' (l + ^)r,(a- 2 ) 

x £(1 - (M(r) - (r o yXr)Kr . 


Since the equality 

£ ( ? - d 4'4 T=t a+1 £(l -q r) ( “~ l} Td q T , 

we have 

|7x(0-7M0| 

<d(v-l)M"- 2 \\x- 


| A 1(141 + 0 


. «+l 


r,(a) Jo 


£(l-qrr) ( " 2) rd q r + 


f (l-gr) ( " l) zd t-\ - -— f (l-gr) ( " 11 rdz 

Jo v 9 r 9 (a) Jo 9 

2| A 2 1a |(jA 0 1 + 1) + (| A 0 1(1 + q) + 2r)] 


(l + qr)r (a-2) 


< 


x£(l-qrz-) ( " 2) id q x 


d{v-l)M'- 2 B q (2,a)\\x-y\\x 


—i— + JM- + 1 A| (A » + Dl . [ g +1] 

TAa) r (a) F(a) 


|2A 2 [Aj(A 0 +1) + A 0 (l + q) + 2]| r r -i 

1 - 1 1 a +1 L lark 

(l + q)T q (a) 


< 


d{v-\)M" 

T,(a + 2) 

2|A 2 |(j A, |(j A 0 1 +1)+ |A 0 1(1 + q) + 2) 


[(1 +1A iX* +1A | • l a + 1 ] 9 ) 

[« + !],[«], ]| 


< 4 *-4 

where 

d{v-l)M' 


(l + qr) 


x — 


K 


r (a+ 2 ) ^ + 1" 40 ® 1 + l A ‘I' + XL) 

2| A |(j A id41 + 1 )+1A |(i + <?) + 2 ) 


(i + <?) 


[« +l U«U 
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By (3.9), we get K < 1, which implies that?" is a contraction.therefore the boundary value problem given in 
(2.5) has a unique solution. □ 

In the present part, we illustrate our results by examples. We will use inequation in [18], one has 

r (t)<T(t), for 0 < ? < 1 or t> 2 ; r(f)<r (t), for 1<?<2. 

t/ LJ 

Example 1 Consider the following anti-periodic boundary value problem: 




D q (cp 7 ('D^x(t))) = 4f 2 (2 + cos(^ + co)), t e (0,l) 

5 

c D}x( 0) = 0, 
jc(0) = —*(1), 

D q x( 0) = -D q x(\),D q x(0) = ^D 2 q x{ 1), 
where 

7 5 3 

p = — , a = — , and a n = a. = —1, a-, = — . 

3 2 01 "10 

Then 


(3.12) 


V = — , I A n I = I A, I = I A, I = — , and take S = 4 , A, = 1 and d = 

4 ° ~ 2 8 


. because of q e (0,1), 


1 

so we let q = — , obviously, 

U 2 “ v r 9 (A(v - 2) + 2 + «)(1 + <?))/{( v - (<7(v - 2) + 2) x 

[(! + IAjX 1 +| A l| • [f A - 2 ) + 2 + «] ) 

+ 2\A 2 1(| A, |(|A 0 | + l)+|A 0 |(l + £? ) + 2)[A(v - 2) + 1 + cc] q [S(v - 2) + a] J} 


[(l + | A () |Xl +| A, || ■ |A(v - 2) + « + 1] J 


> -r,(-> > -r(—> = AA = d 

4 q 2 4 2 8 


K = cl(v - 1)2' 


r (<5(v - 2) + 2) 


r q (S(v - 2) + 2 + or) 
2|A 2 |d A, |(|A 0 | + l)+ |A () |(1 + q) + 2) 




(l + <7) 
5 5 fir 


[S(v - 2) + « + l] l7 [<5Tv - 2) + «], ] 


= ^<1. 


12(3/2) 128r(3/2) 64 

can be easy see that 


Moreover, it 


[s\At s - 1 <[4\t 3 <4t 2 (2 + cosC^ + co)) = f(t,x). 


Finally, 

\f(t,x>-f(t,y)\ 


4f ’ (2 + cos ( jc + &>)) — 4f 2 (2 -l- cos ( y -+- &>)) 


= At 

= 4 


cost- X + CO) — cost-V + CO) 

32 32 • 


, ■>, 7T -\/ 7T 

( - a: h- co) — (- y + co) 


32 


32 


8 


: - > 1 - 
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There fore as a consequence of Theorem 3.1, boundary value problem given in (3.12) has a unique solution. 
Example 2 Consider the following boundary value problem: 


5 

D q {tp 1 (' D^x(t))) = sin 2 (-^ + a>), te (0,l) 

4 

5 

c D*x( 0) = 0„ 
x(0) = -x(l). 


(3.13) 


D q x( 0) = -D q x(l),D 2 q x(0) = ^D 2 x( 1), 


where 

7 5 3 

p = —,cc = — , and a n = a, = — l,a 7 = —. 
42 01 2 10 

Then 


VI si 71 

V = — , I A, I = I A, I = I A, I = — , and take A, = 1 and d = -. Because of q G (0,1), 

3 ° 2 2 20 v ' 

we let q = — , taking g (/) = 1, we get M = 1 , 

(m 2 -T, (2 + a)(l + < 7 ))/{(v -1)X [(l + |A |Xl +| A || • [2 + a] q ) 

+ 2|>l 2 |(|^A 0 1 +l)+ |A 0 |(l + <?) + 2)[l + a \_a ] q J} 


so 


> —fn = d, 
20 


K 


- AAAAri+k 1 X 1 +1 a i • [«+1],) 


r (« + 2) 


2| A, |(| Aj |(|A 0 | + l)+ |A 0 |(1 + q) + 2) 


1 1 

< - < 1. 

27 

On the other hand, 
\f(t,x)-f(t, y)\ 


(l + r?) 


[« + \pc \] 


,f~7Z 


9 "V 9 "V 

< sin ( -x + £o)) — sm~(-v + &>)) 

40 40 ' 


< 


20 


\x - y\ ■ 


For t e [ 0 , 1 ] and x,y e R. 

Therefore by Theorem 3.3, the antiperiodic boundary value problem given in (3.13) has a unique solution. 
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